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Notations :

e A : any set, the alphabet.
e AT : finite words over A.

o AN : infinite words over A.

|u| : length of a finite word u.

e 1 : mirror image of a word wu.

e P,(x) : prefix of length n > 1 of an infinite word x,
N N
o T: A — A the shift on infinite words
XoX1X2 ... FH—> X1X2X3...

T"(x) : the n-th suffix of an infinite word x.
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Introduction

Introduction :

e Thermodynamic has its 1st and 2nd laws,
e Algebra has a fundamental theorem,
e Calculus has a fundamental principle,

Question : What would look like a fundamental principle of
combinatorics on words ?

Of course, there are an infinite number of answers...
But we introduce and illustrate one of them :

The prefix-suffix duality :

" For any word, the set of its prefixes and the set of its suffixes are
in natural bijective correspondence. "
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Introduction

Illustration with the Zimin word : The Zimin word Z, is defined
over the infinite alphabet Ax = {x1, x2, x3,...} as

o /= H Xvah(n)+1  Where vah is the 2-adic valuation.
n>1

e Z=IlimZ, where Zy =x5and Z,11 = Zyxp+1Z, for n > 1.

o Z=¢(Z) where ¢ is the morphism defined by
o(x;) = x1xj41 for i > 1.

Z = X1XpX{X3X1 X0 X1 X4 X1 X2 X1 X3X] . . .
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Introduction

Define the sequences (U,)n>1 and (V;)p>1 with Up = Vi = xq and
forn>1:

Un+1 = Xp+1 U1 U2 NN Un and Vn+1 = Vn V,,_l PN V1X,,+1,

Example : Uy = xox1, Us = x3xyxox1, Uy = Xax1x0Xx1X3X1X0X1

and
z=1Ju

i>1

Lemma

Let m > 1, written m = Z,,'V:o b2 in base 2, where the (b;)'s
equal 0 or 1, and equal zero for large i > 0. Then :

N
Pm(Z) = HT UP, and TM(Z)= HT U
i=0

i>0
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Introduction

Let v = Z b;2" be a 2-adic number, and define
i>0

P, (Z) = H U, and H U

If v is not an integer, then we have the reciprocity formula :

where v —— 7 = —1 — v is an involution on the set of 2-adic
numbers that are not integers,

7 is called the complement of ~.
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Introduction

Denote by Q(Z) the set of infinite words sharing the same factors
as Z.

e Every element Y of Q(Z) writes uniquely in the form
Y = @V(Z)

where 7 is a 2-adic number that is not a natural number.

e Moreover, for every v a 2-adic number that is not an integer,
the bi-infinite word

—_—~—

(@) T(2)
shares the same factors as Z.

This defines a natural bijective correspondence between bi-infinite
orbits of Z and the set of 2-adic numbers up to integer equivalence.

This is the so-called Prefix-Suffix duality
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Basic properties of Sturmian words

For an infinite word x and a natural integer n > 1, we define the
complexity function :

p(x, n) = number of factors of x of length n.

Theorem (Morse-Hedlund)

Let x be an infinite word. The following statements are equivalent

i) the word x is ultimately periodic,

i) the complexity function p(x,-) is bounded,
iii) there exists n > 1 such that p(x,n) = p(x,n+ 1),
iv) there exists n > 1 such that p(x, n) < n.

The word x is said to be Sturmian when
Vn>1, p(x,n)=n+1



Basic properties of Sturmian words

For x € {0,1}", the following statements are equivalent :
i) The word x is Sturmian,
ii) x is not ultimately periodic, and for every factors u, v of x with
|u| = |v|, we have the balanced property : ||u]1 — |v|1] < 1,
iii) x is not ultimately periodic, and for every factors u, v of x, we
have the equivalent balanced property :
luls  |va

ul v

iv) x satifsfies the balanced property, and the number
|ul1
a= —

|u| =400 ’U’
is an irrational number.

The number « is called the slope of x.
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Basic properties of Sturmian words

The slope is the first parameter that describes a Sturmian word.

Proposition

e Two Sturmian words of different slopes only share a finite
number of factors,

e Two Sturmian words of same slopes have same set of factors,

A word is Sturmian if and only if for all n > 1 it has exactly one
left special factor, noted L.

To recover the set of factors from the slope a, we get from the
balanced property applied to 0L, and 1L, :

L 1 14 |L 1
‘"h_a‘< +|"|1_a’<
n n n

and
n

so that {|L,|1} = ZN]na — 1, naf, determining uniquely the
sequence of words (Lp)p>1.
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Basic properties of Sturmian words

Definition

We define the characteristic word ¢, of the slope « as :

¢y =limlL,
Amongst Sturmian word of slope «, the characteristic word is the
only one such that both Oc, and 1c, are Sturmian.
We can build the characteristic word with the use of continued

fractions : every irrationnal « €]0, 1] writes uniquely as

1

a=[0;a1,a,..]=
ap +
as +

1
a+...
with a; > 1 for all i > 1.
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Basic properties of Sturmian words

With a = [0; a1, a2, . . .], we define the standard sequence of finite
words :

ss1=1, s=0 s =s""s_1,
Vn>1, spp1=5""sp_1

Co = lim s,.
n>1

e s, ends with 10 for even n > 2,
e s, ends with 01 for odd n > 3,

e s, is a palindrome, where u™ denotes a finite word u
deprived of its last letter,
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Rauzy graphs and repetition function

Rauzy graph, or factor graph of an infinite word :
Defined as the sequence of directed graphs (Gp)m>1 whose :

e vertexes of G, are the factors of x of length m,
e arrows are s — t when there exists a factor w of x of length
m + 1 and two letters a, b such that w = sb = at,

For Sturmian words, G, has m + 1 vertexes, and is formed as the
fusion of two cycles, sharing a common part.

Repetition function :
For an infinite word x and m > 1, define the repetition function
r(x,-) as:

r(x,m) =
max{k >0 | Prp(x), Pm(T(x)),...,Pm(TK"(x)) are all distincts }
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Rauzy graphs and repetition function

Some results about the repetition function :

e For any infinite word x, r(x, m) < p(x, m)

e Let x be a Sturmian word and m > 2, then :
r(x,ml=m+1 < r(x,m)#r(x,m—1)

e Let o be a slope and m > 2, then :
Po( T ™ (cy)) = Prn(ca) = Lm

e Let z = p0lq be a palindromic word, with p and ¢
palindromes. Then :

r(z.|p| +1) = [p[ +2.
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Rauzy graphs and repetition function

Define the sequence of continuants (gp)s,>—1 of « as the
denominators of the irreducible fraction

Pn

= =10;a1,...,ap] = ———

an [0: 21 o 1
a+——v

with g_1 =0 and gqo = 1. Also : g, = |sp|, and the (g,)’s satisfy
the induction relation, for n > 0 :

[Gn+1 = an1Gn + Gn—1]|

r(casm)=qn for q,—1<m<qgpe1—2.
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Rauzy graphs and repetition function

Every infinite word x defines a path in the Rauzy graph G, :
Prn(x) = Po(T(x)) = Pm(T3(x)) = ... = Ppu(TK(x)) — .. ..

The value r(x, m) is interpreted in the Rauzy graph G, as the
longuest Hamiltonian path in this path, that is the longuest path
not passing twice on a vertex.

We define the integer intervals for n >0, and 1 </ < appq1 — 1,

apy1—1
Ih=1lan—Lgn1—21=150 [ J I}
(=1

I;? =[gn— 1,90 + qn-1— 2]

18 = [0qn + qn1 — 1, (£ + 1)gn + gn_1 — 2].
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Rauzy graphs and repetition function

Proposition

For m € If, with0 < ¢ < a,y1 — 1, then
e One cycle in G, is of length g, called the referent cycle,

e The other one is of length £q, + qn—1

For any Sturmian word x, x cannot turn twice around the
non-referent cycle.
Path of the characteristic word ¢, : For m € I{ with
0 < 14 < dn+1 — 1:
e The characteristic word ¢, turns exactly a1 — £ times
around the referent cycle, that is :

an = I’(Ca, m) = r( Tq"(Ca), m)
= ... = (T D) m) £ (TN (), m),
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Formal intercepts of Sturmian words

Let a be a slope and (gn)n>—_1 its sequence of continuants.
For naturals (b;), the Ostrowski conditions are the equivalent

statements :
/—1
) VE=1...k ) biy1qi < q
i=0
i) e 0<bh <a —1

'Vl.zl, Ogb,-ga,-
o Vi>1, b,-+1:a,-+1:>b,-:0

Let n > 1. Any N € [0, gn[ writes uniquely as

n—1
N = Z biy1q;
i=0

where the (b;)i>1 satisfy the Ostrowski conditions.

1
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Formal intercepts of Sturmian words

Definition
The set I, of formal intercepts of the slope « is defined as

Vn>1, k,= kn+1 [mod qn]}

Ia = {(kn)nzl S H[O’ qn[

n>0

If p = (pn)n>1 is a formal intercept, there exists a unique sequence
(bi)i>1 satisfying the Ostrowski conditions, such that

n—1
p= (pn)nZl = (Z bi+1CIi>
i=0

and in this case we directly write

—+o0
p= Z biy1q;
i=0
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Formal intercepts of Sturmian words

For m>n > 0, set :

wn+1 ) [O7qn+1[ — [07 qn[
no k — k [mod g,]

UM =yrtlowtio.cowm 2 [0, gl — [0, g

then

Lo = |i<_m[07qn[: {(kn)n>0 € H[O’ qn[ n<m= an(km) = k"}

n>0

is the projective limit of the sets [0, g,[ endowed with the functions
WM. Hence are naturally defined the functions V,, : Z,, — [0, gn[ :

+oo n—1
Vi (E bi+1qi> = bi419i < G
i=0 i=0
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Formal intercepts of Sturmian words

Let p = (pn)n>1 = Zizo bi11q; be a formal intercept and
An = qnt1+ qn — 2 — pnt1, then :

e The words T*"(c,) and TP+1(c,) share the same prefixes of
length A,. If byy1 # 0, this is the maximum such length.
e We have the optimal lower bound A, > g, — 1

Definition
Let rho = (pn)n>1 be a formal intercept, then we define the
infinite word
TP(cy) = lim TP (cy)
sharing the prefix of length g, — 1 of TP"(cy), for all n > 1.

The length of the longuest common prefix of T?(c,) and T7"(cy)
is Ay, where N is the smallest N > n such that by41 # 0.
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Formal intercepts of Sturmian words

Theorem

Every Sturmian word x of slope o writes uniquely in the form
x = TP(cy)
where p is a formal intercept of the slope «.

The reverse bijection is given as follows. For x a Sturmian word of
slope «, the sequence (yp)n>1 defined as :

Y =min{k >0 | Pg,—1(x) = Pg,—1(T*(ca))}

is a formal intercept.
Example : The words Oc, and 1c, have resp. formal intercepts :

Z i r2q2it1 = (q2L§J —1)p>1  and
i>0
(a1 —1) Z D2i+1G2i = q2LgJ+1 —1)n>1
i>1
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Formal intercepts of Sturmian words

Application to the computation of the repetition function :
For m € If, with n > 0and 0 </ < app1 — 1. We write

m = ({4 1)gn + gn—1 — 2 — r where r is the length of the common
part of G,,. Then we have :

° r( T,Dn+1(ca)’ m) =qp for gy <M< qpy1 —2— pog1
o r(TPri(ca), m) = Gni1 — pa+a for
Gny1 — 1 —ppy1 <m < (£4+1)gn+ g1 — 2
o r(TPr1(cy), m) = Lqn + qp—1 for
(l+1)gn+qn-1—1<m< g1 — pot1+ G — 2

® r( Tpn+l(co<)7 m) =dgn+1 — Pn+1+ qn for
qn+1_pn+1+qn_1 <m< qn+1_2-
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Factorisation, extensions and prefix-suffix duality

Let p be a formal intercept.

For k > 0, we define p 4+ k as the formal intercept of the Sturmian
word TK(T?(c,)).

We say that two formal intercepts p and v are equivalent when
there exists k,¢ > 0 such that p+ k =~ + £.

Lemma

Let p be a formal intercept and k > 0 such that p + k is not a
natural number. Then there exists N > 0 such that for all n > N,

Vn(p+ k) = Vn(p) + k.
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Factorisation, extensions and prefix-suffix duality

Let p = >~ bi+1gi be a formal intercept. The following are
equivalent :

i) p is equivalent to zero,

ii) one of the two sequences (W,(p))n>0 of (gn — Vn(p))n>0
converges,
iii) One of the following holds :
e b =0 for i > 1 large enough,
e byi = apj and byjy; = 0 for i > 1 large enough,
e by =0 and byj11 = apj41 for i > 1 large enough.

Let p=> ;5o biy1gi and v = >~ ci+19; be two formal intercept
not equivalent to zero. Then p and ~ are equivalent if and only if

bj =c¢; fori>1 large enough.
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Factorisation, extensions and prefix-suffix duality

Let p = E,-ZO bi11q; be a formal intercept not a natural number.
We define the support Supp(p) of p as

Supp(p) = {n =0 | bnt1 # 0}

and the function A, as :

Ap(n) = min(Supp(p) N [n, +oc]) |

Let n > 0, and p a formal intercept. Then
e n € Supp(p) if and only if W, 1(p) > gn, and we have :
WV, (m+1(P) > an,(n) = an
e If n € Supp(p), then bpi2 # ant+2, and we have :
W, (n)+2(P) < An, ()42 = GA,(n) = 3N, (n)+29N,(n)+1
© Vn (n)+1(P) = ba,(n)+19A,(n) T Van(p)



Factorisation, extensions and prefix-suffix duality

Let m= vazo bi+1q;, where the (b;)’s satisfy the Ostrowski
conditions. Then :

b; b
Pm(ca) = H s = SNNHSII\)IN—l 5(1))1'
i=0

Let m,p > 1 be such that m+ p = gn41 — 2, with :

N
= Z ir1qi et p= Z Ci+19i
i=0

=0

=2

where the (b;)M1 et (c;)V 4! satisfy the Ostrowski conditions.
Then we have the product formula :

N N
1 b T e
- _ +1 o.Cit+1
sva = [ s 1] s
i=0 i=0
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Factorisation, extensions and prefix-suffix duality

Definition
Let p =3~ bi+1q; be a formal intercept not a natural number.

We define the Sturmian word @;(ca) as the infinite product

N

+00 4
_ ohbivi b1 _
= S; = |im S; = |im P
) | | i o 1 i N ‘VN(/J)( a)-

=

Theorem

Let p =)~ bi+1qi be a formal intercept not a natural number.

The formal intercept offP;(ca) is given by the sequence

(Wn(CI/\p(n)H —2- P/\p(n)+1))nzo-
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Factorisation, extensions and prefix-suffix duality

Application : By applying the preceeding computation to the two
formal intercepts of the words 0lc, and 10c,, we obtain the
following factorisation for the characteristic word ¢, :

If a1 > 2, then :
~ gy — ~ s ~ ——a
Co = S0 2 H52i32:+1 and ¢, = 5081 H 122,
i>1 i>1

If a1 =1 and a> > 2, then :

~ —2~ —1 —~ 235 /-\_/3
Co =512 5% 1_152,-‘—"2’+1 and ¢, = 51 H 2i+2
i>2 i>1

If ay=1and ap =1, then:

~ -1 —~—an: Na
Co =55 H 55,221 and ¢, = H Spig1 A2,
i>2 i1
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For p a formal intercept not a natural number, we define the
formal intercept p as the formal intercept of P,(c,), given by the
sequence :

V(D) = Valan,(m+1 — 2 = Va,(n)+1(0)),

and call it the complement of p.

technical lemma : If p is not equivalent to zero, then 7 is not
equivalent to zero either.

Also we have the formula :

T(Bpi1(ca)) = Bplca):
And as a consequence, for all k > 0, we have :
ptk+k=p.



Factorisation, extensions and prefix-suffix duality

Theorem

The map p — p, from the set of formal intercept not equivalent
to zero to itself is an involution. Hence the reciprocity formula :

T?(ca) = P5(ca)

Moreover, the bi-infinite word

—_—~—

TP(ca) - T?(ca)

is a Sturmian orbit.

Note : This is the prefix-suffix duality for Sturmian words... !
As a consequence, the set of non-trivial dynamical orbit orbit of
the characteristic Sturmian word of slope « is in a natural
correspondence with the set of non-zero equivalence classes of
formal intercepts of the slope «.
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Application :
e Let x be a Sturmian word of slope . The following are
equivalent :

i) x is a suffix of Oc, or lc,,
ii) There exists two distincts formal intercepts p and 7 such that

X = PP(Ca) = PV(Ca)

e Let x be a Sturmian word of slope a. The following are
equivalent :

i) One of the two words 0lc, and 10c, is a suffix of x.
ii) The word x has no factorisation of the form :

x =Py(ca)
for a formal intercept p.
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— — — ====== THE END====== - — —

Thank you for your attention !
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